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INTRODUCTION
The dynamics of swimming micro-organisms has attracted the attention of many researchers due to extensive applications in medical engineering, biology and ecology. It has been observed that microorganisms like spermatozoa (with characteristic dimensions of 5x10 -3 length and 10 -5 cm tail diameter)
propel themselves by propagating waves of lateral displacement down a thin tail or flagellum [1] . The swimming strategies used by micro-organisms and larger animals such as fish are similar in many respects (despite the difference in scale) in the sense that in both the propulsion is achieved by utilizing waves of lateral displacement. In aquatic species (e.g. fish) these waves travel down the creature's body [2] whereas in micro-organisms they propagate down a thin tail or flagellum. However, large swimmers make use of inertia of the surrounding fluid whereas micro-organisms use viscous forces for propulsion since in the case of micro-organisms stresses due to viscosity are thousands of times in excess as those due to inertia. The swimming sheet model was proposed by the celebrated English applied mathematician, G.I. Taylor in a seminal and ground-breaking mathematical study over six decades ago [3] , encouraged by his interaction with zoologists. Taylor used this approach to discuss the self-propulsion of an infinite waving sheet in a fluid with negligible inertia. In [2] Taylor also discussed the synchronization of swimming micro-organisms by analyzing the field of flow between two infinite and parallel waving sheets. In another paper [3] Taylor modeled the micro-organism as an infinite cylindrical filament. The model of micro-swimmer presented in [2] served as a base for further developments in the field of low Reynolds number locomotion. Shortly after Taylor's work Hancock [4] showed that the motion of a small cylinder perpendicular to its axis is twice as effective in producing "general motion" as moving the cylinder parallel to itself. Later a remarkable attempt was presented by Gray and Hancock [5] which was successfully applied to obtain the velocity of sea urchin spermatozoa.
Further studies related to flagella motion can be found in refs. [6] [7] [8] . Taylor's results were extended to larger amplitudes of the sheet's motion by Drummond [9] . Inertial effects in the analysis were included by Reynolds [10] . His results indicate that swimming speed decreases with Reynolds number i.e.
propulsive efficiency is a maximum at very low Reynolds numbers. Tuck [11] modified the results of Reynolds by correctly incorporating the convective acceleration term in the Navier-Stokes equations.
The problem of a swimming sheet in the limit of high Reynolds number has been addressed by Childress [12] . Blake [13] argued that the model of infinite waving sheet is appropriate for elongated and flat micro-organisms such as Paramecium or Opalina. He thus modeled collaboratively beating cilia as an infinite impenetrable surface assuming that the cilia are sufficiently packed together.
Propulsion of cilia and flagella was also discussed by Brennen [14] and Brennen and Winet [15] .
Felderhof [16] showed that peristaltic pumping with two waving walls is closely related to Taylor's analysis [2] of hydrodynamic interaction of two swimming sheets in infinite space. A relationship between peristaltic pumping and two waving parallel surfaces is also discussed by Jaffrin and Shapiro [17] and Fauci and Dillon [18] . In a recent paper Pak and Lauga [19] have discussed the transient swimming of a waving sheet immersed in a viscous fluid.
It is observed that micro-organisms often swim in narrow passages. This is certainly familiar in the realm of embryological transport. Therefore it seems that the presence of solid boundaries (whether rigid or deformable) may have some impact on the locomotion of micro-organisms. This observation has motivated some interesting efforts in reproductive fluid mechanics modelling. Reynolds [10] has simulated the motion of spermatozoa through the cervix as a self-propelling infinite oscillating sheet between two rigid walls and obtained the solution under the assumption that the amplitude of the waving sheet is small compared to the gap between the walls. The model introduced by Reynolds was further examined by Shack and Lardner [20] for the case when the wavelength of the motion of the swiming sheet is large compared to the channel spacing. The assumption of rigid passive walls in the Reynolds model [10] was removed by Smelser et al. [21] in favor of vibrating active walls. Katz [22] performed the analysis for the case when micro-organisms swim either parallel to a single rigid plane wall, or along a channel formed by two such walls. The effects of dynamical interaction of the micelles with the swimming sperm and a more viscous peripheral layer due to concentration and alignment of micelles near the wall were elaborated by Shukla et al. [23] . In a further investigation, Shukla et al. [24] modeled the motion of spermatozoa in the cervical canal by considering the transverse waves along its tail and the transverse and longitudinal motions of the cervical wall, observing that the appropriate motion of cervical canal may restrict the sperm in moving towards the oviduct.
Extensive clinical research over the past decades, has established that the majority of biological fluids including cervical and respiratory mucus for instance, are strongly non-Newtonian in nature. Therefore, classical Navier-Stokes theory (based on the Newtonian law of viscosity) is inadequate for simulating the hydrodynamics of such fluids. To overcome this shortcoming, Chaudhury [25] extended the Taylor's swimming sheet problem to viscoelastic second order fluids. Sinha et al. [26] analyzed selfpropulsion of spermatozoa through the cervical mucus by modeling the mucus as a micropolar fluid ( a simplification of the more general micro-morphic fluid theory) and the cervical canal as a channel composed of rigid walls. The analysis in [26] was extended to take into account the sinusoidal vibrations of the flexible walls of the channel by Philip and Chandra [27] . Lauga [28] further emphasized the need for employing robust non-linear non-Newtonian models for swimming in a viscoelastic medium such as mucus. His calculations showed that viscoelastic effects slow down the speed of the swimming sheet for a prescribed beating pattern on the sheet. Using a two-dimensional infinite sheet model, Elfring et al. [29] presented an analytical treatment of synchronization in a viscoelastic Oldroyd-B fluid. Fu et al. [30] employed an infinitely long cylinder geometric model with arbitrary beating motion in an Oldroyd-B fluid to elucidate how swimming velocities are affected in nonlinear viscoelastic fluids, revealing that nonlinear viscoelastic corrections decrease the swimming speed relative to the Newtonian case. The same model with a prescribed beating pattern on the cylinder in a Maxwell viscoelastic fluid was also analyzed by Fu et al. [31] , identifying that viscoelasticity tends to decrease the swimming speed. More recently Teran et al. [32] showed that viscoleastic response can increase the speed and efficiency of free swimmers. Balmforth et al. [33] This theory is a generalization of classical theory which allows for polar effects such as the presence of couple stresses and body couples. The main effect of couple stresses is to introduce a size-dependent effect that is not present in the classical viscous theories. In the latter the stress tensor is symmetric as a result of assuming there is no rotational interaction among particles. However, this cannot be true for the cases of fluid flow with suspended particles and thus the need of couple stress theory arises. In fact the microrotation of freely suspended particles give rise to an antisymmetric stress, known as couple stress. Couple stress theory is found quite useful in description of various types of lubricants, blood, and also polymeric suspensions [39] . It is also pertinent to mention that couple stress fluid theory is substantially simpler than other micro-structural theories, pre-eminent among which is the Eringen micropolar fluid model. Both models and infact more complex models are reviewed lucidly by the premier researcher in the field, Eringen [39] . Couple stress fluids do not have micro-structure at the kinematic level and this allows the kinematics of such fluids to be entirely described using the velocity field. The need for a separate spin momentum (micro-rotation) balance is therefore not required, as with micropolar fluids. Effectively in Stokes [38] couple stress model, micro-structural effects are considered as a consequence of the action of a deforming body on its neighborhood. Application of the couple stress model to physiological and medical engineering problems has been quite diverse.
Studies include double-diffusive transport as studied by Srinivasacharya and Kaladher [40] and peristaltic transport as investigated by Srivastava [41] , Shehawey and Mekheimer [42] , Ali et al. [43] and Tripathi and Bég [44] . Further biomedical topics in which couple stress theory has been utilized include blood flow in the microcirculation [45] , centrifugal blood purification devices [46] , pulsatile systolic hemodynamics [47] and synovial tribology [48] . According to [49] it is more likely that couple stresses arise in fluids with very large molecules. Further it is observed that cervical mucus is a suspension of macro-molecules with a high molecular weight [50, 51] and in light of this, couple stress theory may be applied to analyze the swimming of spermatozoa through cervical mucus. So far only a few mathematical studies-see references [24] , [26] and [27] -have been communicated concerning swimming of microscopic organism in micro-continuum fluids. However, the micro-continuum fluid model chosen in these studies is Eringen's micropolar fluid model [39] , not Stokes simpler couple stress model.
Motivated by the above facts, the aim of the present communication is to analyze the effects of couple stresses on the locomotion of spermatozoa micro-organisms in cervical hydrodynamics. The microorganism is modeled as an infinite flexible waving sheet. The paper is structured as follows: Section 2 presents the governing equations along with the boundary conditions. The solution of the problem is presented in section 3. Section 4 comprises numerical validation. Section 5 entails graphical presentation and discussion of results. The paper ends with some concluding remarks in section 6.
GOVERNING EQUATIONS
Let us consider an infinite flexible sheet of infinitesimal thickness. The sheet is swimming steadily in a viscous incompressible fluid with couple stresses. In a frame moving at the swimming speed of the sheet (which is yet unknown), the position of the material points,   , ss xy of the sheet is given by the following relations:
In eqns. (1) and (2) * cos a   and * sin a   . These equations represent tangential movements of (1)
the sheet in addition to the progressive wave. The case of a simple progressive wave can be achieved by substituting 0 a  (Fig. 1) . The flow is subject to the constraint of incompressibility given by:
For a couple stress fluid of viscosity,  , and density,  , the constitutive equations and equation of motion in the absence of body forces and body moments, in tensorial form, are [38] : 
(4)
where the moment is ignored. This approach is more elegant than other non-Newtonian models e.g.
viscoplastic, viscoelastic, thixotropic etc, which merely modify the shear stress-strain characteristics of Newtonian fluids via extra stress tensors. Such non-polar models cannot simulate micro-structural or rotational (micro-vorticity) motions which are significant in fluids with suspensions and complex micro-structure. Couple stress fluids therefore are a more sophisticated approach to analyzing real physiological fluids for which other rheological models (e.g. viscoelastic/plastic) neglect many important features. An excellent elaboration of the continuum physics of couple stress fluids is available in Cowin [52] .Since the velocity field in the current problem, is two-dimensional therefore we can take 
The first two boundary conditions represent the no-slip at the sheet surface and for the third condition we have assumed that couple stress tensor must vanish at the sheet surface. The assumption of zero angular velocity at the sheet implies the vanishing of couple stresses at the sheet and hence traction due to couple stresses must also be zero there. The condition (12) is precisely the mathematical expression of the statement that traction due to couple stresses vanish at the sheet surface and has been rigorously 
The appropriate conditions for the stream function at infinity result from the velocity far away from the sheet approaching U i.e.
The differential equation (13) and boundary conditions (10) (11) (12) and (14) can be put into dimensionless form by introducing the transformations:
In view of the transformations (15) the governing problem after dropping the bars takes the form: 
where cos sin
is the couple stress fluid parameter. In the next section the governing eqn. (16) is solved subject to boundary conditions (17) and (18) .
PERTURBATION SOLUTION
For the solution of the problem consisting of governing equation (16) and boundary conditions (17, 18) we expand the stream function and swimming velocity as:
Substitution of expansion (19) into (16) and expanding the boundary conditions at the sheet in a Taylor series about 0 y  , we get the following system: System of order  : 
System of order 2  : 
Thus swimming velocity is zero at the leading order. The rate of work done by the sheet up to order  whose average value is the volume integral of :  τV , where τ is the total stress tensor and V is velocity gradient tensor, is given by the following formula: 
It is evident from expression (27) 
In the limiting case when   we have:
 These results are in accordance with those obtained by Childress [51] . In the case when the tangential movement of the sheet is suppressed ( 0 a  ) then we have: for Newtonian swimming sheet propulsion obtained by Taylor [2] , viz: 
VALIDATION WITH NAKAMURA FINITE DIFFERENCE METHOD
The boundary value problem defined by the sixth order partial differential equation (16) and boundary conditions (17, 18) has also been solved with an efficient second order accurate tridiagonalization algorithm developed originally by Nakamura [53] . This method is particularly adept at accommodating challenging boundary conditions as exemplified by swimming micro-organism dynamics. The Nakamura Tridiagonal Scheme (NTS) is similar to other implicit finite difference methods e.g.
Keller's box method [54] , but offers greater algebraic simplicity especially for two-independent variable (x,y) flow problems. As with the Keller-Box scheme, higher order differential equations are reduced to a system of lower order differential equations. In recent years NTS has proved very successful in multi-physical fluid mechanics and readers may refer to recent works on non-Newtonian heat transfer [55] , peristaltic propulsion [56] , biopolymeric enrobing flows [57] and nanofluid bioconvection of oxytactic bacteria [58] . NTS works well for both one-dimensional (ordinary differential systems) and two-dimensional (partial differential systems) non-similar flows. NTS entails a combination of the following aspects.
(1)The flow domain for the convection field is discretized using an equi-spaced finite difference mesh in the x-direction.
(2)The ordinary derivatives for each respective variable (in this case stream function, ) with respect to x are evaluated by central difference approximations.
(3)A single iteration loop based on the method of successive substitution is utilized.
(4)The finite difference discretized equations are solved as a linear second order boundary value problem of the ordinary differential equation type on the x-domain.
(5) An outer loop advances the solution in the y-direction.
The swimming equation (16) is reduced to a second order equation with an appropriate substitution. It is formulated numerically as follows: 3 are the Nakamura matrix coefficients, S i=1…3 are the Nakamura source terms containing a mixture of variables and derivatives not associated with the lead variable. The Nakamura eqn. (37) is transformed to a finite difference equation which constitutes a tri-diagonal system that is solved iteratively. Computations take seconds on an SGI Octane desktop station. The boundary conditions (17, 18) are also converted to appropriate form. Double precision arithmetic is employed with Fortran 90 subroutine do-loopssee Bég [59] and Bég et al. [60] . Solutions for the swimming speed, U, are readily computed. We have provided comparisons with the perturbation solutions in Tables 1 and 2 , for variation in couple stress parameter () and amplitude ratio ( / ab ), respectively. Excellent correlation is achieved and therefore confidence in the present perturbation solutions (shown in all graphs) is high. To optimize the present method, the code has been tested for convergence with respect to the spatial resolution. The solutions converge in 40 iterations. Meshindependence of solutions was achieved.
Nakamura swimming (momentum) equation:
A 1 J // + B 1 J / +C 1 J = S 1 (37) where A i=1…3 , B i=1..3 , C i=1..
COMPUTATIONS AND DISCUSSION
This section displays some graphical results in order to see the effects of couple stress fluid parameter ( ) on swimming speed ( 2 U ) and rate of work done by the sheet ( w ). It has been pointed by Stokes It is observed that the stretching wave at the sheet surface slightly modifies the normal beat pattern of the sheet for small values of / ab . This normal beat pattern corresponds to the beat pattern of the sheet when there is no stretching wave. A considerable modification in the normal beating pattern occurs when the amplitude of the stretching wave begins to increase (Fig. 3a) . Large values of / ab produce beat patterns which may be physically unrealistic owing to the appearance of a cusp. Fig. 2(a) shows the beat pattern of the sheet for different values of / ab when 0   and the corresponding swimming speed plotted against  for these beat patterns can be seen through Fig. 4(a) . We can observe from Fig. 3(a) that the beat pattern corresponding to / 0.5 ab  and 1 produces larger swimming speeds than the normal beat pattern for all values of  . It is further observed that the beat pattern corresponding to / 1.5 ab  is not effective for small values of  . However, it becomes effective compared to the normal beat pattern for values of  greater than 1.7. The beat patterns of the sheet for different values of / ab when /6   are displayed in Fig. 2(b) . The swimming speeds corresponding to these beat patterns are shown in Fig. 4(b) . Again we note that beat patterns for / 0.5 ab  and 1 are more beneficial than the normal beat pattern and beat pattern for / 1.5 ab  and become effective when 5   . The beat pattern corresponding to /4   and /3  are not shown because they do not differ much from the beat patterns for 0   and /6  . However, the swimming speeds corresponding to these beat patterns are depicted in Figs. 4(c) and 4(d) . From both figures we note that beat pattern corresponding to / 0.5 ab  is more efficient than the normal beat pattern. Fig. 3(c) shows that when /4   the beat pattern for /1 ab  is better than normal beat pattern after 0.9   . As  increase from /4  to /2  the only effective beat pattern is for / 0.5 ab  . A further increase in  reveals that the normal beat pattern performs best compared with other beat patterns.
These observations indicate that normal beat pattern is effective for both couple stress and Newtonian fluids only when the amplitude of the stretching wave is small. Furthermore, plausible values of / ab and  may be selected to achieve a beat stroke which can attain greater swimming speed both for couple stress and Newtonian fluids compared to the normal beat stroke scenario. It is also interesting to note from Figs. 4a-f that the swimming speed of the sheet decreases with couple stress effect ( ) and reaches asymptotically to a constant value as  . Thus the presence of suspended particles in a viscous fluid reduces the swimming speed of micro-organisms. In other words swimming speed of a micro-organism in Newtonian liquid is higher than in couple stress fluid. This behavior agrees with other non-Newtonian (viscoelastic) models reported in literature [28, 31] where it has also been shown that visoelasticity tends to decrease swimming speed. However it deviates from the micropolar model [e.g. 27] results wherein, contrary to couple stress models, with greater micropolar viscosity effect (stronger rheological behaviour), propulsive velocity is increased. It is suggested that this acceleration is attributable in the micropolar model to the intrinsic spin of micro-elements via gyro-rotary motions [61] and this mechanism is absent from the Stokesian couple stress model, since the latter does bit possess micro-structure at the kinematic level and this is the primary cause for achieving flow acceleration (and drag reduction) in micropolar liquids [60] . The couple stress model, exhibiting limited micro-structure, effectively correlates more closely with viscoelastic (Oldroyd-B models) than micro-morphic rheological models. The lower complexity of the couple stress model relative to micropolar models is indicated by the supplementary sixth order derivatives appearing in the modified stream function eqn. (16)-this term when neglected reduces eqn. (16) to the Taylor (Newtonian) model. In micropolar models, separate balance equations arise which result in an interaction between the linear velocity field (sheet) and the angular velocity field (micro-element gyration). This level of sophistication simply cannot be captured by couple stress models. Nevertheless the present couple stress model does provide an improvement to the conventional viscoelastic formulations and is essentially a bridge between viscoelastic non-Newtonian models and the more refined microcontinuum models of Eringen. Cowin [52] has elaborated in some detail, that larger values of couple stress parameter, (), basically elevates the global viscosity of the couple stress fluid which induces flow deceleration. The micropolar model however has a different viscosity mechanism (vortex viscosity-associated with spin), which provides a more complex framework than couple stress theory.
A secondary objective of the present work is to open up the discussion and interest in generalized micro-structural swimming hydrodynamics and stimulate more interest in the use of these models, which could identify other mechanisms and features not achievable with the viscoelastic family of models. al. [32] . The study [32] also confirms the correlation in results between the present couple stress model and simpler viscoelastic models, the latter also exhibiting deceleration in swimming speeds with non-Newtonian (viscoelastic effects) relative to a Stokesian Newtonian fluid. However in [32] it is also identifed that for finite micro-organism sheetsthe so-called swimming "free" sheets (i.e., with free head and tail), greater propulsive swimming velocity is achieved with stronger viscoelastic effects (Deborah numbers of order unity) relative to Newtonian fluids, proposing that this may be due to the relaxation time equivalence with the stroke frequency of the swimmer (as a result of zones of highly strained viscoelastic fluid located aft of the free swimmer's tail which suppress reverse slippage and thereby increasing the average speed). The couple stress model may therefore be more representative for real swimmers since it does indeed predict acceleration in the swimming speed. Propulsive performance in [32] and indeed other non-Newtonian simulations [27, 37] is found to be intimately associated with amplitude ratio and phase difference, again adding confidence to the present computations. The degree of sensitivity however notably varies with the nature of the non-Newtonian model. It would appear therefore of interest to extend the present couple stress infinite sheet model to a finite free head-tail geometric model in the future to evaluate more precisely whether couple stresses exert effects more consistent with clinical observations than viscoelastic models, for this configuration, and this is under consideration by the authors. It is further noted from Fig. 5 that critical value of / ab increase with  . [26] and Philip and Chandra [27] , demonstrating that both models have some promise in spermatozoa hydrodynamics. Fig. 6 also indicates an increase in the rate of work done by the sheet with an increase in / ab (amplitude ratio) and this is however, in agreement with both micropolar [26, 27] and other viscoelastic studies of swimming sheets [28, 31 ].
CONCLUSIONS
The problem of an infinite flexible sheet swimming in a couple stress rheological biofluid is analyzed, implications and indeed better concurs with some clinical observations. As pointed out by Lauga [28] , the use of non-Newtonian fluids to study locomotion of micro-organisms is more appropriate because their rheological properties can be utilized to manipulate the swimming speed instead of altering the motion of micro-organism which is the only possibility if the fluid considered is Newtonian. The sophistication afforded by micro-structural models (Stokes couple stress [38] , Eringen's micropolar model [39] ) however is significantly greater than those considered by conventional viscoelastic models which neglect body couples and important micro-rheological characteristics associated with actual embryological fluids. Since the cervical mucus is a suspension of long chain molecules and presence of these molecules produce couple stresses, this mechanism may be a primary cause affecting propulsive efficiency. The presence of micro-structure (although not fully simulated with couple stress fluids) in the present model does relate better however to mucus fluid in embryological systems being plausible for locomotion. The second main finding of the present study is that the presence of a stretching wave on the sheet produces beat strokes which are more efficient than the beat stroke in the absence of this wave. This observation may be helpful in the design of artificial micro-robotic swimmers for medical treatment. Overall the present theoretical investigation has identified important fluid dynamic characteristics of couple stresses which encourages the exploration of micro-continuum hydrodynamics as a more robust approach in understanding the motion of micro-organism in complex fluids (e.g. reproductive) and in this regard it is hoped the present work will stimulate greater interest among researchers to employ such models. The present work has neglected global rotational effects (wherein the entire medium is rotating) and entropy generation aspects. In this regard important benchmarks for future simulation would be the works of [62] - [65] and efforts in these directions are currently being considered. 
